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Abstract 

We study how non-perturbative dynamics on D-branes affects the ten-dimensional ge- 
ometry. We show that a gaugino condensate changes the complex and the symplectic 
structures of the original manifold by deforming the supersymmetry conditions. The 
cases of D5, D6 and D7-branes are discussed in detail. In the latter case we find the 
explicit form of the resulting back-reacted background at linear order in the gaugino 
condensate. 
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1 Introduction 



Non-perturbative effects play an important role in many branches of string theory. In 
the case of the phenomenology-motivated settings, the non-perturbative effects are usu- 
ally approached from the low-energy four- dimensional perspective: the internal space is 
typically compactified and at low energy the theory reduces to some four- dimensional 
effective theory. The latter usually involves the moduli of the internal space plus some 
gauge fields. 

However, the non-perturbative phenomena are expected to have an effect already at 
the level of the ten-dimensional geometry. Take for example a string theory compacti- 
fication which includes a confining gauge sector, with a confining scale Aconf- For large 
Aconf ^ Akk, one expects that a proper description of the non-perturbative strongly 
coupled dynamics should necessarily involve the complete ten-dimensional theory. When 
Aconf is reduced to Aconf ^ Akk, at low energies the ten-dimensional description should 
eventually match the effective four-dimensional one. In particular, in the ten-dimensional 
supergravity regime when the stringy corrections can be neglected one expects a direct 
modification of vacuum equations determining the geometrical structure and the matter 
content of the internal space. 

A proper understanding of this problem can become important in the so-called lo- 
cal models which use the 'bottom-up' approach focusing on a local patch where some 
interesting physics takes place. The issues related to the understanding of the com- 
plete compactification are usually postponed. For instance, in the D3-brane inflationary 
models of a deformation of the original classical warped conifold background [21 E] 
is introduced in order to get a more realistic inflation potential These models are 
based on the no-scale vacua of [7] which do not a priori allow for such deformations at 
the classical level. Hence, from the point of view of the complete compact internal space, 
deformations of this kind cannot be considered as perturbative ones. Rather they affect 
physics at the KK-scale, drastically changing the original background. It is then inter- 
esting to understand how the deformations of the classical geometry can be dynamically 
generated by non-perturbative quantum effects. 

In type II settings with D-brane non-perturbative effects, the above problem has been 
already addressed in [SI E] following two different approaches. One of the goals of this 
paper is to revisit the considerations of [H |9] combining them into a unifying picture. 
For the sake of clarity and concreteness, we will focus on several specific cases: the 
non-perturbative effects generated by gaugino condensation on D5, D6 and D7 branes 
wrapping internal two-, three- and four-cycles respectively. 

^Another example when such a deformation can be important is the engineering of the reahstic 
Yukawa coupUngs on the intersecting seven-branes [H |6] . 
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The backreaction of D5-branes wrapping a two-cycle in a non-compact CY-space has 
been previously considered in the literature in the context of the geometric transition 
and the gauge/gravity correspondence [Sj [TOl [TTl [121 US]- In the prototypical setting, 
D5-branes are wrapping the rigid two-cycle at the tip of the resolved conifold and are 
described by an effective four- dimensional SYM theory which undergoes gaugino con- 
densation. In the large iV-limit, such a theory is described by a dual background in 
which the D-branes have disappeared and the gaugino condensation is represented by a 
deformation of the complex structure of the background. Hence, the background under- 
goes a geometric transition from the resolved to deformed conifold (see [I3] for a recent 
discussion). One can interpret this as a 'backreaction' of the non-perturbative effect 
and in this paper we focus on this point of view. By following the general formalism 
introduced in [8], we will provide an explanation of the direct dynamical origin of such 
an effect within the local ten-dimensional supergravity approach without relying on any 
compactification effects or using any holographic argument. In turn, the well-understood 
holographic viewpoint will provide a check of our approach. As it is rooted in the supe- 
gravity description, our approach has an advantage of being applicable to a more general 
set of situations going beyond the conifold geometry. 

Furthermore, we will also see how the very same approach works in mirror symmetric 
case with N D6-branes wrapping rigid three-cycles. The simplest example of such a 
situation is when N D6-branes wrap the three-sphere at the tip of the deformed conifold. 
It is the original example considered in [11]. The results reached there are in perfect 
agreement with what we will obtain using our approach. 

Reassured by the insight gained from the cases involving D5 and D6-branes, we will 
move on to study the effects of gaugino condensation on D7-branes. Similarly to the 
case with D5 and D6-branes, we describe how the non-perturbative effect of the D7- 
branes can be encoded as a backreaction of the underlying geometry. In particular, it 
appears that at the leading order the non-perturbative physics on the D7-branes has 
two effects: the deformation of the bulk integrable complex structure into a generalized 
complex structure [8] and the generation of lASD three- form flux [9]. We will provide 
a unifying framework that includes both points of view. Moreover, this will allow us 
to improve our understanding of the geometrization, proposed in [8] and [9], of the 
non-trivial superpotential for the mobile D3-branes induced by the D7-branes [HI \W\ 
supporting a gaugino condensate. 

2 Geometric deformations from condensing D5-branes 

In this section we focus on compactifications with A^ D5-branes wrapping an internal rigid 
two-cycle. We will first review the conditions that the internal six-dimensional geometry 
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obeys at the classical level. Then we explain how these conditions can be obtained from 
a superpotential which depends on the KK modes associated with the compactification 
[8]. We will then incorporate the effect of gaugino condensation and discuss some of its 
physical implications. 



2.1 The classical background 

Here we consider the supergravity backgrounds with the ten-dimensional space Xio = 
X4 X M, where X4 is the four- dimensional Minkowski space and M is the internal, 
compact or non-compact, manifold. In the internal space we allow for possible D5- 
branes. In the case of compact M, 05-planes would then be necessary to cancel the net 
charge, and M would be the associated covering space. 

In this setting, four-dimensional M = 1 supersymmetry implies that the background 
can be characterized as an SU(3)-structure manifold, as foUowso The string-frame metric 
can be written in the form 

ds^ = e^dx^'dx^ + ds^ (2.1) 

where is the dilaton, not necessary constant. The internal space is complex and has a 
holomorphic (3, 0)-form f2 

d^] = . (2.2) 

On the other hand the fundamental two-form Jmn '■= 9mkl^n (where is the complex 
structure defined by Vt) is not closed, but rather it must obey the following condition^ 

d(e'^ J) = -e^-^ * F3 , d( J A J) = . (2.3) 

Notice that the first relation in fl2.3p defines F3 in terms of the SU(3)-structure data and 
the dilaton. In addition, the flux Fs should obey the Bianchi Identity (BI) 



^Fs = e.[ E E (2-4) 

a6D5-branes feG05-planes 

where (.g = 27rv^ and Da and Of, are the holomorphic two-cycles wrapped by the D5- 
branes and 05-planes respectively. In (12. 4p . 5^ refers to the internal delta- like form 
localized on the two-cycle Z)fl 



^These vacua are called type C in the classification of [TB] . 

The normalization of VL and J is given by voIm = (1/3!)JA JAJ = -{i/&)e-'^n^^l. An alternative, 
more physical way to fix the normalization of $7 is that J7 calibrates D5-brane domain wall, i.e. a BPS 
domain wall obtained by wrapping a D5-brane on a three-cycle. 

A formal definition of the delta-like /c-form 5^ on M, associated to a (6 — A:)-dimensional surface E, 
is as follows: for any (6 — fc)-form u) on M, J^^ uj h 5^ = J-^uJ- 
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A crucial point is that the ten-dimensional supersymmetry conditions, including (12. 2p . 
can be obtained as F-fiatness and D-fiatness conditions derived from a superpotential and 
a Kahler potential, which can be seen as functionals of the complete tower of the KK- 
modes associated with the compactification. This has been demonstrated for the most 
general supersymmetric background with Minkowski or AdS four-dimensional space in 
[8] using the formalism of generalized complex geometry |T71 118] . Here we do not need 
all that machinery, as we will focus just on the supersymmetry condition f l2.2p . This can 
be obtained from the superpotential [I9l |8]@ 



[ nA{F3 + ie-'^dJ) . (2.5) 
Jai 



The overall minus sign is physically irrelevant as it can be reabsorbed into a redefinition 
of Q, and has been chosen for notational consistency with the following sections. 

We consider (12. 5p (or, better yet, its generalization given in [8], see (14.281) below) as 
a 'microscopic' superpotential, which includes information on the internal space, taking 
into account all KK modes without restricting to the low-energy light fields. In particular, 
for what concerns us, it is sufficient to recognize that W depends holomorphically on the 
'chiral field' 

:= e-^J - 1C2 . (2.6) 

Clearly, T2 is not a standard low-energy chiral field but rather an internal two-form which 
can be thought of as encoding an entire KK-tower of chiral fields. 

Considering a small fiuctuation ^T^, we get the following corresponding variation of 
the superpotential 

S)A^ = -!1 f dfi A STs . (2.7) 

Assuming a compactification with fiat four-dimensional space, we obtain the following 
F-term associated to T2 

Here and in the following we restrict for simplicity to the case of the Minkowski X4. 
Then supersymmetry requires W = and the F-term associated with the chiral field 0* 
is simply J-^ = dW/dcf)^. We recover the same expression in the rigid limit, when W 
may not vanish but the corresponding term is suppressed by the Planck mass. Then, the 
supersymmetry F-fiatness condition = indeed reproduces (12. 2p . It is important to 
notice that the F-term J-7-, is crucially associated to the massive KK-modes encoded in 
T2. 



^Let us emphasize that (|2.5p should be regarded as a superpotential of the superconformal formu- 
lation of the four-dimensional supergravity. In particular W has fixed normalization, while in Einstein 
supergravity the superpotential We is defined up to a Kahler transformation. The two are related by 
W = c^/^We. See [5J[2D] for more details. 
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2.2 Gaugino condensation and supersymmetry 

We would like to see how the IR strongly coupled dynamics on a stack of D5-branes 
modify the bosonic ten-dimensional supersymmetry conditions. Our primary focus will 
be on the condition (12.21) . In a straightforward approach we should investigate how the 
complete ten-dimensional supersymmetry transformations are modified in the presence 
of the non-vanishing expectation value of the D5-brane gaugino bilinear, and how the re- 
sulting modified Killing spinor conditions translate into a corresponding modification of 
the classical supersymmetry conditions reviewed in section 12.11 However, this approach 
presents technical difficulties related to our ignorance of the coupled bulk and D-branes 
supersymmetry transformations. We will then follow an indirect derivation of the mod- 
ified ten-dimensional conditions. Our approach will have the advantage of admitting a 
clear four-dimensional interpretation. 

We already saw that (12. 2p can be rephrased using the four- dimensional language as 
the vanishing of the F-term. Now our strategy will be to compute how J-7-g is affected 
by the gaugino condensate within the formalism adopted in the previous section. In 
general the backgrounds with compact internal space may develop an instability due to 
non-perturbative effect. To avoid dealing with this issue we simply consider the limit of a 
non-compact internal space. This corresponds to having a rigid four- dimensional theory 
and will allow us to preserve supersymmetry. The issues specific to the compactification 
will be discussed in section 12.41 

Let us first recall how things go in a standard four-dimensional M = 1 theory. For 
simplicity, we will work with the rigid superspace formalism. We consider a theory with 
chiral superfields 0* and a gauge multiplet sector. Then the general supersymmetric 
effective Lagrangian contains the following chiral contribution^ 

d^9W{(t)) + — [ d^9a{^)TTW''We, + c.c. (2.9) 
Stt J 

where W is the superpotential for the chiral fields, while is the superfield whose 
lowest component is the gaugino: 

Wa = -iXa + --- (2.10) 

Furthermore the lowest component of a{(j)) gives the SYM coupling and the theta- angle 
{a is related to the conventional coupling r through r = ia) 



«(0) = ^-^^ (2.11) 
9ym 27r 



The generators of the gauge group G are defined such that Tr T^T^ = hSab- Hence, Tr W^Wa 
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as can be seen from the standard superspace integration 



1 

Stt 



d'ea{(f))TiW''Wa+ c.c. 



TiF^^F^- + ^^e^^-P-TrF^^F,, - ^ TiXa^d^X + . . . (2.12) 

We employ the standard two-components notation for the spinor indices as in [21]. Of 
course, qym and 6ym must be considered as functions of the chiral fields 0*. Now, the 
complete expressions for the F-terms J-'^i associated with cff will contain the fermionic 
bilinear A°Aq, 

=d^W-^ {d,a) Tr A"A„ + . . . (2.13) 
To describe the gaugino condensate we introduce the superfield 

S = --^ Tr W'^W^ = T7^ Tr A" A, + . . . (2.14) 
In presence of the non- vanishing gaugino condensate we have 



(5) = Y^Tr(A"A«)^0 (2.15) 



and the F-fiatness condition takes the form 

J^^. = diW-2'K{S)dia = {). (2.16) 

In passing, let us recall that the very same equations can be formally obtained from a 
different perspective (still in the rigid limit Mp — )• oo). Take the gauge group G =SU(A^). 
Then we may start with the superpotential 

W(0, S) = W(0) - 27ra(0) S + NSil - log 4) (2-17) 

where fio indicates the scale at which the holomorphic coupling a is defined. Once 
one identifies A = /ioe~w, >V(0, 5) is nothing but W(0) corrected by the Veneziano- 
Yankielowicz superpotential governing the low-energy dynamics of 5*. We could now 
pass to the effective superpotential obtained by integrating out S, 

WefT(0) = W(0) + Nfile-"-^ (2.18) 

This is the approach implicitly followed in ^ (see |23] for the early work based on a similar 
idea). However it presents some conceptual subtleties related to the proper interpretation 
of Weff. In particular, the extrapolation of Wes to a ten-dimensional framework seems 
not to be a priori justified. For this reason, we prefer the logic followed above, in which 
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we simply assume a non-trivial expectation value of the gaugino condensate without 
specifying its dynamical origin. Notice also that this approach can be applied to the 
more general gauge groups and matter content on the D-branes. 

Let us then go back to our ten-dimensional problem. Our task is to understand how 
the gaugino condensation on a stack of D5-branes wrapping a rigid two-cycle D in 
M modifies the ten- dimensional supersymmetry equations reviewed in section 12.11 As 
already mentioned, attacking this problem directly appears difficult. We will circumvent 
these difficulties by using the re-interpretation of the ten-dimensional supersymmetry 
conditions in terms of the four- dimensional language. The question now is: how does 
the presence of the gaugino condensate on the D5-branes modify the F-flatness condition 
(El? 

By dimensionally reducing the bosonic D5-brane DBI-I-CS action on D we obtain 

(2.19) 

where we have only indicated the massless 4D SU(N) gauge sector and '. . .' stands for 
the terms containing other KK degrees of freedom on the D5-branes with masses of order 
the inverse size oi D. It is important to keep in mind that we are considering the D5 
theory as a six-dimensional one that couples to the complete ten-dimensional bulk closed 
string sector. In particular, near a supersymmetric vacuum configuration, the D-brane 
sector should organize into a massless vector multiplet plus a tower of massive chiral and 
vector multiplets. Hence, we are just reorganizing the higher dimensional theory as a 
four- dimensional theory of massless as well as massive KK-modes. 

By comparing fl2.19p and (I2.12p one can easily identify the holomorphic gauge coupling 
associated with the massless SYM sector 

a^a{T) = ^^ j^{e-^J -iC2)^j, jj2 • (2.20) 

It turns out to be depend only on 72- This is a bare coupling defined at the natural 
cut-off scale /io at which the ten-dimensional effective action breaks down. This scale can 
be roughly identified with the string scale l/is- 

Now we need only adapt (12.161) to our ten-dimensional setting, by using (12.51) and 
(I2.20p . It is easy to see that the F-term (12.80 gets modified to 

^r, =^-2.(S)-.-^dn-^(S)*^ (2.21) 

Hence the associated F-fiatness condition J-V^ = reads 

<m = 2i(.l{S)5jj . (2.22) 
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The gaugino condensate has modified the supersymmetry condition (12. 2p into fl2.22p . 

Let us mention here that (12.221) is a subcase of a more general formula obtained in 
[8] . However the procedure followed here allows for a sharper physical interpretation. In 
particular, this interpretation suggests that the remaining supersymmetry conditions are 
left unchanged. This is because the holomorphic gauge coupling (12.201) does not depend 
on other chiral fields whose F-terms could be associated to the remaining supersymmetry 
conditions. Of course there could be subtleties affecting this naive conclusion. Indeed, we 
will see that the remaining equations could be modified by the localized terms induced 
by gaugino condensation, which can be reabsorbed in a redefinition of the internal fiuxes. 
This effect is known in the heterotic framework [211 [25] (see also [26]) as discussed in the 
next section. In the type II framework we will see a concrete example of this effect in 
the setting with D7-branes considered in sections H] and |5l 

In summary, our claim is the following. In the ten-dimensional supergravity ap- 
proximation, a non- vanishing expectation value for the four- dimensional gaugino bilinear 
associated with the four- dimensional SYM sector coming from the D5-branes wrap- 
ping a rigid two-cycle deforms the ten- dimensional supersymmetry condition (12. 2p 
into (12.22p . We also expect the other conditions not to be modified or to be modified 
only by the localized terms. Let us stress again that we are considering the limit in 
which the internal space decompactifies and the theory is genuinely ten-dimensional or, 
in other words, we are just focusing on a local patch around the two-cycle wrapped by 
the condensing D5-branes. We will come back to the compactification effects in section 

m 

2.3 The analogy with the heterotic M-theory case 

What we have done so far is conceptually very similar, although procedurally and techni- 
cally different, to the approach followed by Horava in [25]. There the very same problem 
was studied in the context of heterotic M-theory [27]. In that case the internal space is 
a seven-dimensional space of the form N = M x (S'^/Z2), with M six dimensional CY, 
and two Eg SYM sectors localized at the orbifold fixed points, in the eleventh direction 

As we did above, Horava first employed the local point of view, in which 3^/7^2 de- 
compactifies to M/Z2 with only one gauge sector localized at y^^ = 0. In the heterotic 
M-theory case the complete low-energy eleven-dimensional supersymmetric theory cou- 
pled to the localized gauge sector is under control and one can directly compute the 
effects of the gaugino condensate on the Killing spinor equations. If rj and 77 -f- Ar] denote 
the internal Killing spinor before and after the gaugino condensate is turned on, the 
result of [25] (see equation (3.6) therein) is that Arj must satisfy a Killing condition of 
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the form 

dyAr] (X {S) 6{y) . (2.23) 

Comparing it with fl2.22p we see that the two relations share the same structure. The 
analogy is strengthened if we recall that in the D5-brane setting Q is constructed as a 
bilinear of the internal Killing spinor: Qmnp — v'^lmnpV- Hence, both f l2.22p and (I2.23P 
predict a delta-function-like contribution to the derivative of the Killing spinor at the 
location of the defect on which the strongly coupled gauge sector is localized. 

Hence, our results are similar to those of [25], lending credence to our evaluation of 
how the gaugino condensate modifies the supersymmetry conditions. This similarity can 
be extended in the following way. It was shown in [22] that it is natural to introduce a 
new four-form flux of the form 

G^=G^ + (5)5^n=oAa;5 (2.24) 

where is a three- form along the boundary M and ^^h^q delta-function one-form 

(see footnote H]) localized at y^^ = in the eleventh direction. It is natural to treat the 
new field as a fundamental degree of freedom. In particular G^ takes the form of G^ 
calculated in the absence of the gauigino condensation. This is an explicit example of 
the localized terms mentioned at the end of section 12.21 A very similar behavior will be 
discussed in section [^^3] in the context of the gaugino condensation on the D7-branes. 



2.4 Compactification and tadpole supersymmetry breaking 

We have outlined the relation with the heterotic M-theory results in the case of non- 
compact internal space. In the compact case, it was argued in [25] that the super- 
symmetry breaking occurs due to the non-local effects originating from the topological 
obstruction for finding global solutions of (12. 23 p . 

In our setting we have the very same effect, which follows quite straightforwardly 
from (I2.22p . Indeed, the r.h.s. defines a non-trivial second cohomology class while the 
l.h.s. is exact, which is not possible if the internal space is compact. Then, if M is 
compact, supersymmetry is naturally broken and one expects the vacuum to destabilize, 
probably leading to a runaway behavior. Thus, we have a kind of 'tadpole supersymmetry 
breaking' of clear topological nature. 

However, supersymmetry breaking is not unevitable upon compactification, both in 
the heterotic M-theory p5] (see also discussion in [28]), and in the type II case. Say, 
there are two stacks of the D5-branes on two isolated but homologous two-cycles Di and 
D2 inside a CY three-fold. We suppose for simplicity that there are no background fluxes 
in addition to those sourced by the D5-branes. Then, the equation (I2.22p is modified to 



dQ = 2i- 



(S,) + (S,) (2.25) 
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where {Si) and {S2) are the gaugino condensates on the two stacks respectively. Since Di 
and D2 are homologous, 6jj_^ and define the same cohomology class and (12.251) can have 
a solution if (Si) = — (5*2). This conclusion has a clear four-dimensional interpretation. 
The generated low-energy superpotential for the CY Kahler moduli would be of the 
form Wnp = v4ie-''"i(*) + Age-'^'^W = c{{Si) + {S2)) and would thus identically vanish 
for = -(52). 

The topological obstruction for the supersymmetric compactifications may also be 
absent for more general configurations of D5-branes. The condition is simply that the 
four- form ^^i^a) governing the four-dimensional superpotential should be trivial as 
a cohomology class. Of course this is just one possible way to preserve supersymmetry 
in the case of compact internal space M and fiat four- dimensional external space X4. 
We expect there should be other ways to preserve supersymmetry in the compact case 
without putting Wnp = of shell and allowing X4 =AdS4. 

2.5 Relation with holographic geometric transitions 

Returning to the non-compact case with D5-branes wrapping a rigid two-cycle D, 
consider the supersymmetry condition fl2.22p and compare it with the RR Bianchi identity 

AFs = -llN . (2.26) 

The interpretation of (I2.26P is that the D5-branes source the fiux. There is a similar 
interpretation of (I2.22p . It is simply that the D5-branes, through the IR dynamics, 
source the holomorphic (3, 0)-form or equivalently induce a deformation of the complex 
structure. This point of view is illustrated by the following example in the context 
of the gauge/gravity correspondence. Take the resolved conifold [29] and wrap D5- 
branes on the blown-up two-sphere S"^ at the tip. In the large N and near-horizon 
limit the backreacted background undergoes a geometric transition [lOl [TTl [121 [13] • The 
D5-branes disappear and the resolved conifold is replaced by a new background which 
satisfies the supersymmetry conditions from section 12.11 with no localized sources. The 
new background, of course, is the deformed conifold [29]. More explicitly, the original 
resolved two-sphere 5*^ shrinks to zero size while a topologically non-trivial three-sphere 
S'^ emerges. This transition includes the deformation of the complex structure, i.e. a 
deformation of the (3,0)-form VL of the original CY. The role of the finite radius three- 
sphere at the tip of the conifold is two-fold. First, it supports the units of F3, which 
were originally sourced by the D5-branes according to (I2.26p . Second, from a purely 
holographic point of view, it regularizes the IR region of the geometry and is naturally 
associated to a mass gap, chiral symmetry breaking and gaugino condensation in the 
dual SYM theory. 
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There is a more precise way to relate Q to the gaugino condensate of the dual gauge 
theory. One can compute the tension of a domain wall interpolating between the two 
nearby vacua of the dual SU{N) SYM theory. Namely, from the gauge-theory side we 
know that the domain wall between the two nearby vacua, in the large N limit, is given 
by 

Tdw = 2\AWnp\ = 2|Wnp(e'^ ~ " 7^ '^'^p' = ^'"'^'^^l (2.27) 
where we have used the on-shell relation 

W^np = N{S) . (2.28) 

On the other hand, from the dual supergravity side, such a domain wall is represented 
by a D5-brane wrapping the minimal at the tip of the deformed conifold. Since fl is 
the calibration for such a D-brane configuration [30l [31] from the supergravity side we 
get 



27r 

Tdw — -TF 



n 

53 



(2.29) 



Hence, by comparing (I2.27P and (I2.29P we get 

2i':\{S)\, (2.30) 
which fixes the relation between (S) and J^g Q up to an unphysical overall phase. 



S3 



Let us see now how this result is related to the interpretation of fl2.22p as the deforma- 
tion of the complex structure sourced by the D5-branes. Consider D5-branes wrapping 
the blown-up two-sphere of the resolved conifold, i.e. the background before the geometric 
transition. We interpret f l2.22p as predicting that the D5-branes supporting the gaugino 
condensate 'source' a deformation of the complex structure with a 'strength' proportional 
to the gaugino condensate {S). One can measure the 'flux' of sourced complex structure 
in the same way one would measure the RR-fiux. Let us recall that the geometry at the 
bottom of the resolved conifold can be identified with the C(— 1) © bundle over 

~ S*^. Then we take a three-sphere which surrounds along a fiber. This is 
homologically trivial and indeed one can take a four-ball -B4 which stretches along the 
fiber and fills S^, i.e. = S^. B^^ intersect P^ at one point. Then, by integrating fl2.22p 
on and using Stokes' theorem on the l.h.s. one arrives at 



n = 2iil{S) . (2.31) 



6 
s 
S3 



The conclusion is already clear: the non-trivial IR dynamics induces a geometric transi- 
tion, in which a topologically trivial of the resolved conifold becomes a topologically 
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non-trivial of the deformed conifold. Then, our supergravity-based result (12.3ip pre- 
cisely matches the holographic result fl2.30p . 

Let us also recall that the explicit solutions described in [TOl [131 E2] satisfy the tree- 
level supersymmetry conditions with no localized sources. This is a further evidence that, 
at least in the D5-brane case, there are no other corrections to the tree-level supersym- 
metry conditions besides those described by f l2.22p . 

2.6 A comment on the case of fractional D3-branes 

In the above setting with the D5-branes wrapping the resolved conifold, one can consider 
the limit when the two-sphere S*^ at the tip of the cone is shrunk to the zero size. In 
this case the collapsed D5-branes reduce to fractional D3-branes. This is exactly the 
setting considered in [3] in the context of the gauge/gravity correspondence. In this case, 
because of the conifold singularity, a treatment of the non-pertrubative dynamics on the 
D5-branes in terms of supergravity may not be justified. However, it is interesting to see 
what happens if we formally follow the steps outlined in the previous section in the case 
of the non-collapsed D5-branes. 

First, the KS solution [3] is a subcase of the class of vacua considered in [7]. In this 
case, the bulk superpotential can be restricted to be the GVW one |33] 

W = -^[ ^A{Fs+ie~'^H), (2.32) 
Jm 

while the gauge coupling associated to the gaugino condensate on M fractional D3-branes 
is 

(^ = ^ J^ie-^B-tCs). (2.33) 

By setting Ti = e^'^B — iC2, we can write a = Oi{T) = as in the case of the 

non- collapsing D5-branes. 

Now all the steps followed for the case of the non-collapsing D5-branes can be re- 
peated. Namely the equations (12.2 ip and (12.220 still hold, although now the delta- 
function contribution 5^ is not completely well defined as the cycle D is shrunk to a 
zero size. Although the zero size cycle may break the supergravity approximation, the 
prediction of (I2.22p still holds. Namely, as explained in section 12.51 the geometry should 
develop a non-trivial three cycle, in full agreement with [3]. 

Once the geometric transition has undergone, the two-cycle D is the shrinking 5*^ of 
the deformed conifold. Therefore a is the difference of the two coupling constants of the 
KS theory [21 El] . As a result we obtain that the difference ri — T2 should be associated 
with the coupling of the SU{M) theory on the D5-branes. One way to check this is 
to compare the gaugino condensate of the SU{M) theory, probed by the domain wall 



14 



D5-brane wrapping 5*^ at the tip of the deformed conifold f l2.29p . with the expectation of 
Tr(AiAi — A2A2). Both quantities could be calculated using the low-energy superpotential 



3 The mirror conifold picture: condensing D6-branes 

Consider now a mirror type IIA setting in which a stack of D6-branes wraps a rigid 
three-cycle S C M in the internal space. The D6-brane degrees of freedom reduce at low 
energies to a pure four- dimensional SYM theory. The following steps will be practically 
identical to those followed in section |2l so we will proceed more quickly. 
The string-frame metric has the form 

d4, = e^*/M4, + d4. • (3.1) 

Without taking into account the gaugino condensate, the internal space has SU(3) struc- 
ture, described by the pair (J, fi). One of the supersymmetry conditions requires the 
internal space to be symplectic with the vanishing if-flux (for the complete set of condi- 
tions see p6] and references therein) 

dJc = (3.2) 

where Jc := J — iB is the complexified fundamental two-form. This condition is mirror 
to (12. 2p for the backgrounds with D5-branes. As in that case one can derive (13. 2p from a 
superpotential W which depends on the SU(3) (or, in general, SU(3) xSU(3)) structure 
of the internal space. Again, one should in principle consider the most general formula 
for W given below in fl4.28p . However, for the current purpose it is sufficient to consider 
a truncation to the SU(3)-structure case 

J JcA[F^+ tdie-^Ren)] . (3.3) 

The relevant 'chiral field' now is 

:=e-^Ren-tC3 (3.4) 

and the associated F-term is 

J^77; := 7^ = ~ ■75" (no gaugino condensate) (3.5) 

so that the F-fiatness condition J^j:^ = is nothing but (13. 2p . 

Let us now consider the effect of the gaugino condensate along the lines of section 12.21 
Since the D6-branes must wrap a special Lagrangian three-cycle S [30], by performing 
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a = a[ 



the expansion as in (12.190 it is easy to see that the holomorphic gauge couphng takes the 
form 

KT) = ^ l^ie-f'ReQ - iCs) ^J^j/s- (3.6) 
Analogously to fl2.21l) . we now have 

-2.(S)||.-|d..H-|(S).| (3.7) 

which leads to the F-fiatness condition 

dJc = -2iil{S)5l . (3.8) 

This is the IIA mirror counterpart of (12.221) . We then see that the effect of the gaugino 
condensation is to make the D6-branes act as a localized "source" of the complexified 
symplectic structure. One could also repeat, mutatis mutandis, the discussion of sections 
12.31 and section 12. 4[ reaching the same conclusions. 

Finally, a concrete example is provided by the deformed conifold [29] with D6- 
branes wrapping the three-sphere at the tip. This setting was originally discussed in [11] 
(see also the uplift to M-theory discussed in [36]). There, it was argued that the low- 
energy four-dimensional SYM theory on the D6-branes should be dual to a background 
symplectically equivalent to the resolved conifold, with the two-sphere supporting A^ 
units of F2. Furthermore by computing the tension of a D4-brane domain wall wrapped 
on the resolved two-sphere S*^, as in section 12. 5[ and comparing it with the expected 
gauge theory result one finds 

/ Jc = 2eA{S)\ . (3.9) 
This fixes the relation between the fundamental two-form and the gaugino condensate. 



up to an unphysical overall constant phase. Repeating the arguments of section [275| it is 
easy to see that fl3.8p also leads to (13.91) with no reference to holography. 



4 Condensing D7-branes and generalized complex 
deformations 

Let us now turn to the case of gaugino condensation localized on a stack of D7-branes. In 
absence of a gaugino condensate the backgrounds with the D7-branes are characterized 
by an integrable complex (actually, Kahler) structure and a holomorphic axion-dilaton 
T = Co + ie~'^. There is a key difference between the D7 case and the cases with the D5 
and D6 branes discussed previously. There, the gaugino condensation on a stack of the 
D5-branes (D6-branes) deformed the complex (symplectic) structure into a new complex 
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(symplectic) structure. As we will explain, a non-vanishing expectation value for the 
gaugino condensate on a stack of D7-branes has an effect of deforming the background 
complex structure into a generalized complex structure [8]. 

For this reason it is practically unavoidable to use the explicit formalism of generalized 
geometry, from which we have refrained so far. Thus, we will review some basic facts 
about the use of generalized geometry in the context of flux compactifications, trying to 
introduce them in a self-consistent way. A comprehensive review of this subject, including 
a list of references, can be found in [37] . 

4.1 Intermezzo I: J\f = 1 vacua and generalized geometry 

We start with the IIA/IIB backgrounds of the form Xiq = x M, with a string-frame 
metric 

dsxio = e^^da;^da;^ + ds^ , (4.1) 
general dilaton 0, H-fiux (which can be locally written as if = dB) and internal RR- 
fluxes 

F = Vft ,^rfl,«,^«iiA 

^ \ 1,3,5 IIB ^ ' 

k ^ 

Locally, away from localized sources, we can write F = dnC, where C = J2k {k 
odd/even in IIA/IIB) is the RR potential^ For future convenience, we have decided 
to denote the string-frame internal metric with ds\j. This notational choice is due to 
the possible existence of a more natural metric ds|^, conformally related to ds\j. In the 
following, we will distinguish quantities involving the complete string-frame metric with a 
hat For instance, by * we will mean the six-dimensional Hodge-start operator computed 
with ds\^. Hence the symbol * will be reserved for the Hodge-operator computed using 
the conformally-rescaled internal metric ds\j. 

Now, a key point is that the complete information about ds|^, 0, e^, -B- field and 
two arbitrary normalized chiral spinors in six dimensions r^i ^ (with equal norm rjlrji = 
vlv2 ='■ |op) can be encoded in two complex polyforms Z and T, defined by the Clifford 
map as follow^ 

e-B ^ -^e'^-%®r]^ , e-"" AT ^ ® 4 , (4.3) 



a ar 



where 



e^A:={l + B + ^B AB + ^BABAB) A . (4.4) 



"^More precisely, in IIA with Fq ^ 0, one has F — e ^Fg + d^C. 

®The CHfford map is one-to-one map between a polyform uj = ujk on M and the matrix with 
spinorial indices := Y,k HWmi...mt7"' ' ' ' 7" 
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For a reason which will becomes obvious in a moment we choose ?7i, 772 to be of opposite 
chirality in case of IIA and the same chirality in case of IIB theory. Then Z is even/odd 
and T is odd/even respectively: 

Z = + + + ( Z = Z,+Z3 + Z5 



IIA' < IIB' < f4 5) 

■ \t = Ti+T3 + T5 ' • 1 T = To + + + Tfi ' ^ ' ^ 

Defined as in (14. 3p . Z and T turn out to be pure spinors of the Tm © T^/ bundle and 
obey a compatibility conditior|^ (see e.g. for more details) 

{ljjZ, T) = {lyZ, T) = , W V eTm , 

{xAZ,T) = {xAZ,T) = 0, VxeTX, . (4.6) 

Here we used the Mukai pairing defined for the two arbitrary polyforms Z, T 

{Z,T) = [ZAaiT)]e (4.7) 

and a is the involutive operator that reverses sign in front of some forms crluk) = 

k{k — l) 

(— ) 2 UJk- Basically, a reverses the order of the indices 

a(d?/"^ A ... A dy""^) = dy™^' A ... A dy^^ . (4.8) 

The conditions (14.61) are not only necessary but sufficient. If we take a pair of pure 
spinors Z,T on Tm © T^/ such that (14.61) is satisfied, then there are 771^25 metric, B field, 
dilaton and warping such that Z and T can be written in the form (14.31) . 

Now, if the background respects supersymmetry the spinors 771^2 can be identified with 
internal components of the ten-dimensional Killing spinors 

ei = C © ^71 + c.c. , £2 = C © ^72 + c.c. (4.9) 

where ei^2 are the MW spinors in ten-dimensions and ( is an arbitrary constant Weyl 
spinor in four dimensions. Since Z and T contain full information about g, (p, B, A and 
?7i^2 the SUSY conditions can be written in terms of these two objects, with only RR-fields 
F as external ingredients. Indeed, it has been shown in |38] that, for Minkowski X4, the 
background supersymmetry conditions can be rewritten in the form 

dZ = , (4.10a) 
d(e2^ImT) = , (4.10b) 
d(e^^ReT) = e^^e^ A * a{F) . (4.10c) 



^Technically speaking, the conditions (|4.6p are equivalent to demanding that Z and T define an 
SU(3)x SU(3)-structure on Tm © T^, which can be in turn associated to the existence of the two 
internal spinors 771^2, each defining an SU(3) structure on Tm- 
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It is important to stress that (14.10ap implies that M has an integrable generahzed complex 
structure defined by Z. Roughly speaking, this is equivalent to the definition, on local 
patches, of hybrid complex-symplectic coordinates. 

For the following, it is important to observe that fl4.10cp can be written in the alter- 
native form 

d(e^^ReT) = A F . (4.11) 

where F is the polyform containing the RR-fiuxes dual to F, according to the relation 
d^x AF = *iocr(F), i.e. 

F = e^^*a(F). (4.12) 

Because F is d//-closed we can locally write F = dnC and it is the combination d^x A C 
that couples electrically to the space-filling D-branes and 0-planes. A crucial observation 
is that (14. lip admits an interpretation as a condition for e^'^ReT to be a calibration for 
the space- filling D-branes [30]. The calibration structure guarantees classical stability of 
branes. Hence we regard the form (14. lip to be more fundamental than (I4.10cp . Of course, 
for purely bosonic backgrounds the two conditions are completely equivalent. However, as 
we will see, this will no longer be the case in the presence of the non-vanishing gaugino 
condensates. Indeed, a similar phenomenon occurs in the case of the heterotic string 
backgrounds [W]. 

In addition to SUSY constraints (l4.10aKlOcp one needs to impose the BI for the H- 
fiux, dH = 0, and for the internal RR-fiuxes F (or, equivalently, the equation of motion 
for F). The latter can be written in a compact polyform notations 

dnF = dF + H AF = -e-^ Aj (4.13) 

where j contains the RR localized sources 

J ^ JD + JO ■■= Yl <^d7) a e~'-'^^ - J2 ^'-'C' <^'o?) ■ (4-14) 

aGDp-branes bGOg-planes 

In (I4.14p . Da are the cycles wrapped by the D-branes, Ob are the ones wrapped by the 
orientifolds and Fa is the gauge fiux supported on -Da0 In the presence of the orien- 
tifolds, M has to be considered as the covering space. Furthermore, in order to preserve 
supersymmetry the localized sources have to satisfy the proper calibration conditions. 
The equations of motion for the internal RR-fiuxes F, 

AhF = dnie^^ *a{F)] = (4.15) 

^'^For simplicity, we do not include curvature corrections. Moreover our notations assume only U(l)- 
bundles supported on Da- This can be generalized to the non-abelian bundle configurations. 
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follow from the supersymmetry condition (14.10cp due to d^ = 0. The equation of motion 
for the if-field 

d(e^^-2<^ *H) - e'^ J2 A = - \e^^ ReT A a{j^) A e^] ^ (4.16) 



follows from the supersymmetry conditions as well |40] . 

As an illustration, let us revisit the case with the D5-branes discussed in section [21 
In this case the metric is of the form (12.11) . hence we can identify ds%j with ds\j and 
e^^ = e"^. The pure spinors take the form 



z = n 



backgrounds with D5-branes (4.17) 



On the other hand, for the classical backgrounds with the D6-branes of section [31 we 
identify ds\^ from (14. ip with ds|,j in (13. ip and set e"^ = e^^^. The on-shell pure spinors 
are 

> backgrounds with D6-branes (4.18) 

In both cases the pair (f2, J) defines the SU(3)-structure and satisfies the normalization 
condition 

- - e^''' VL = - J A J A J = voIm . (4.19) 
8 3! 

where voIm = d^^A/det qm and k = —1 for the D5-brane and /c = for the D6-brane 
background. 

With the choice (I4.17p . the condition (I4.10ap implies the integrability of the almost 
complex structure defined hy Z = Vt. On the other hand, in the case of (I4.18P the 
condition (I4.10ap implies the existence of a symplectic structure defined by J . This is 
exactly what we saw in sections [2] and [3] 



4.2 Unperturbed backgrounds with D7-branes 

After the machinery of generalized geometry is introduced we are back to the backgrounds 
with the D7-branes (and possibly the 07-planes). In what follows we assume that there 
is no localized D3-brane chargejlj 03-branes or non-trivial five-form as well as the 3-form 
fluxes, unless specified. 

The ten-dimensional space is a product Xio = X4 x M of the four- dimensional 
Minkowski space X4 and the internal six-dimensional space M. The D7-branes (and 

^^This also means that we set to zero the world-volume fluxes on the D7-branes. Moreover, we neglect 
possible D3-brane charge induced on the D7-branes by the curvature terms. 
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possibly the 07-planes) filling X4 are wrapping some internal four-cycles Da- In the 
string frame, the metric takes the following form 

d4io = ^^'^ (da^'^dx^ + d^l/) (4-20) 
where the dilaton depends only on the coordinates along M. Hence in this case the 
internal metric is ds^ = e'^^^^ds^ and the warping is e"^ = e'^/'^. There is no RR or if- flux 
and the pure-spinors have the form 

t"'*'' - ^-'P .<A/2 n (backgrounds with D7-branes) (4.21) 

1 p_th — c exp yu a J J 

where the suffix "F-th" indicates explicitly that we are working with the F-theory-like 
backgrounds, i.e. backgrounds with a holomorphic axion-dilaton which admit a super- 
gravity description. In ( 14.2ip the pair (f2, J) defines an SU(3)-structure associated to the 
2 

M5 



metric ds^^, and are normalized as follows 



^— An = — J A. J A. J = vo\m . (4.22) 
8 3! 



Here voIm = d y^ydet qm is the volume form computed with the metric ds\j. From 
these restrictions and general conditions reviewed in section 14. H it is possible to derive 
the remaining properties of these backgrounds. The supersymmetry condition fl4.10ap 
implies that Zp.th defines an integrable complex structure. The metric ds\j in f l4.20p is 
Kahler, with Kahler form J and the holomorphic (3, 0)-form Q. The dilaton combines 
with the RR zero form Cq into a holomorphic axion-dilaton t := Cq + 

dT = , d:=dz' Adj . (4.23) 

The D7-branes and the 07-planes act as the localized source 

aGD7-branes b£07-planes 

in the Bianchi identity for Fi = dCg 

dFi = 2idde~^ = Bdr = -j . (4.25) 

Furthermore, the metric ds^^ satisfies the Einstein equation 

% = ViVj0. (4.26) 

Here, and in what follows (/i = 0, . . . , 3) are the coordinates along X4, y"^ (m = 
1, . . . , 6) are the real coordinates along the internal space M, and 2;* (i=l,2,3) are the 
complex coordinates on M. Eventually the holomorphic (3, 0) form Q satisfies the fol- 
lowing equations 

= , Vifi = (Vi0) n . (4.27) 

Clearly, when r is constant the internal Kahler metric ds\j is Ricci fiat and one recovers 
the standard case of the Calabi-Yau manifold M. 
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4.3 Gaugino condensation and generalized geometry 

We would like to study the effect of gaugino condensation on a stack of D7-branes. To 
engineer a D-brane configuration which exhibits such a behavior in the IR is not as 
straightforward as in the cases with the D5 and D6 branes. The consistent configura- 
tions of D7-branes wrapping compact divisors are subject to constraints coming from 
tadpole cancelation conditions (see e.g. [H] and the recent discussion in |12])- Hence 
one has to consider a combination of (intersecting) the D7-branes and the 07-planes. 
The intersections generically alleviate the topological obstructions but also give rise to 
light fields prone to complicate the low-energy dynamics. However, in a general case one 
can turn on fluxes through the intersection, uplifting the massless modes. The resulting 
low-energy theory on a given divisor is SYM with some massive matter. In the following, 
we will simply assume that gaugino condensation does indeed occur, without specifying 
any details about its dynamical origin. 

We will see shortly that the gaugino condensate on D7-branes will change the super- 
symmetry condition in such a way that it can not be solved by Z-p-th associated with the 
ordinary complex structure given by fl4.2ip . Rather it will be deformed into a new Z 
associated with a genuine generalized complex structure. Therefore we go back to the 
most general setting of section 14. 1^ and re-derive how the F-fiatness condition fl4.1Ucp 
is modified by a gaugino condensate on a stack of the D-branes [8], but along the lines 
followed in sections [2] and |3l 

4.4 Intermezzo II: (5')-deformed condition for in general 

As argued in |8j, the general IIA/IIB classical supersymmetry conditions (]4.10p can be 
obtained from the superpotential 

}^=L f ^z, F*" + idReT) (4.28) 

where we introduced the twisted RR-fields 

^tw ._^B ^ ^^tw ^ _^ _ (^4 29) 

The reader can check that by plugging (14.171) and (14.181) into (14.281) one gets (12.51) and 
(13. 3p . up to unimportant overall constant phases, which can be reabsorbed into a defini- 
tion of Z. 

The condition (I4.10ap is obtained by extremizing W with respect to the 'chiral field' 

r := ReT - iC*" , (4.30) 
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where C*^ is locally defined by F*™ = dC*^. Indeed, the associated F-term io 

Tr = = 'fis^^ ^^'^ gaugino condensate) (4-31) 

I 

where we have introduced the functional derivative defined through the Mukai pairing: 
SrW = jj^,^{^,5T). The F-flat ness condition is simply J-7- = which immediately 
reproduces fl4.10ap . The remaining conditions in f l4.10p . including their extension to the 
AdS case, can be also derived from W using an appropriate Kahler potential. 

Let us now add a gaugino condensate on a stack of supersymmetric Dp-branes, work- 
ing in approximation of local model, i.e. in the case of non-compact M, as in sections 
[2] and O One can repeat the steps of section 12.21 almost verbatim. By using the fact 
that the Dp-branes preserve supersymmetry and must be calibrated, the associated four- 
dimensional complexified coupling constant obtained by dimensional reduction of the 
Dp-brane action wrapping a cycle D, possibly supporting a world-volume flux F, is 

«(r) = / T^e'-'^ ^ i / (r, jnp) (4.32) 

with jnp = ^I~^cr('^D ^ exp(— 27ra'F) . The difference between jnp and j defined in 
f l4.14p is that j includes all D7 (and 07) branes while jnp only includes those with the 
non-trivial gaugino condensate. By adapting fl2.16p to the present setting one gets the 
following general expression for the F-term in the presence of the gaugino condensate 

.F,= ^!^-2.(S)|^.|dZ + |(S>,.„. (4.33) 

This is a generalization of f l2.2ip and (13. 7p . Then, from the F- flatness condition J-7- = 
one obtains the following modification of the supersymmetry condition (I4.10al) 

dZ = 2i£t{S)j^^ . (4.34) 

Equation fl4.34p was first obtained in [S], following a formally equivalent but concep- 
tually different derivation, by modifying the tree-level superpotential fl4.28p by adding a 
non-perturbative superpotential depending on T. The form of this non-perturbatively 
generated superpotential was guessed based on the form of superpotential in the four- 
dimensional theory. On the other hand, the logic followed here is completely ten- 
dimensional. Our results are manifestly independent of the details of the effective four- 
dimensional theory. 



^^See [8] for the precise definition of complex structure on the T field space, which is implicit in the 
definition of the F-term. 
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4.5 Back to D7-branes with {S) ^ 

We are now ready to understand the main difference between the case of condensing 
D7-branes and the previously discussed cases with D5 and D6-branes. Suppose there 
is a stack of the condensing D7-branes, wrapping a four-cycle D with the vanishing 
world- volume flux F. In this case (14.341) reads 

dZ = -2i {S) 5% ( D7-branes with (5) ^ 0) (4.35) 

It is now clear that fl4.2ip is not compatible with (I4.35p . and Z must necessarily have a 
one-form contribution Z = Zi +Z3, with Zi ^ 0. This implies that Z defines a genuinely 
generalized complex structure. Thus, the gaugino condensate on the D7-branes catalyzes 
a deformation outside the realm of ordinary complex geometry. This was one of the main 
results following from the equation (I4.35p . 

The fate of the remaining supersymmetry conditions ( I4.10bp and (I4.10cp was not 



clarified in [8]. The derivation above suggests that they should be unmodified. However, 
this conclusion could be too naive and may not take into account a possible subtlety 
related to the presence of the RR-fiuxes in the superpotential f l4.28p . Indeed, experience 
with the heterotic M-theory |25] tell us that, in the presence of the gaugino condensate the 
fiux appearing in the equations of motion and the supersymmetry conditions naturally 
combine with a singular form proportional to the gaugino condensate and localized on the 
defect where the nonperturbative effect is taking place (see also |2H [26] for the weakly- 
coupled heterotic counterpart of this effect). This was already mentioned in section 1^31 
Similarly in our case it is natural to allow for a possible correction to the fluxes of the 
schematic form 

(flux) — > (flux) + {S) X (localized term) . (4.36) 

This issues will be considered in detail in the following section, where we also clarify the 
relation with related observations of [H]. 



5 Condensing D7-brane back-reaction: First order 
deformation 

We now address the problem of identifying the supersymmetric solution that represents 
the backreaction of the gaugino condensate (5*) 7^ on the D7-branes wrapping the cycle 
D. Besides the D7-branes on D we assume that there are other D7-branes, indicating 
with {Da\ the complete set of wrapped divisors. For simplicity we assume there are no 
07-planes in the set-up. The case with the 07-planes will be discussed in the end of the 
section (15. 2p . 
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The equation fl4.35p admits an exact solution 



Z = e + VL (5.1) 
where ^ is a (1, 0)-form subject to the conditions 

a^ = 0, Be = -2i {S) 5% . (5.2) 
As a consequence, the divergence of 9 is given by a deha-hke term, locahzed on D 

V"'e„, = -2it{S)5P . (5.3) 

Here 

'^g^ = -W'^SI^ , (5.4) 

is a scalar delta-function localized on D. 

The first condition in (15. 2 p can be locally integrated by 

e = -^dw, (5.5) 

where a holomorphic w can be identified with the superpotential experienced by a probe 
D3-brane |13]. As we will see later, such an identification is completely consistent with 
the form of the D3-brane superpotential from the lASD fluxes discussed in [9]. Now, 
the second condition in (15. 2 p written in a local patch becomes ddw = 27ii (S) 6fj. This 
equation can be immediately integrated using the Poincare-Lelong lemma (see e.g. |44] ) 

w{z) = {S) \ogh{z) + Wq (5.6) 

where h{z) is the holomorphic section of the divisor line bundle Cn that defines D through 
the equation h{z)\D = 0, and wq plays the role of the integration constant. 

Having solved (I4.35p . we now turn to consider the remaining supersymmetry condi- 
tions. In the absence of a gaugino condensate, they are given by ( ]4.10bp and (I4.10cp . 
In section (14. ip we introduced the alternative form (14. lip of (I4.10cp that has a simple 
physical interpretation in terms of the calibration condition. We regard this form as the 
more fundamental and impose the following two supersymmetry conditions 

d(e2^ImT) = (Condition II) (5.7a) 

d(e^^ReT) = A F (Condition HI) (5.7b) 

We will see that when (S) ^ 0, (I5.7bp is in fact not equivalent to (I4.10cp . 

In the following we will look for a perturbative solution of the supersymmetry equa- 
tions deformed by the effect of the gaugino condensate, with (S*) playing the role of the 
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expansion parameter. For instance, this should be natural for small bare 't Hooft cou- 
pling on the condensing D7-brane. We then expand the pure spinors in powers of (S) 
(not to be confused with the rank expansion f l4.5p ) 



Z = Z^ + Z^ + ... (5.8a) 
T = T° + + . . . (5.8b) 

where we identify and T° with ^p-th and Tp.th of fl4.2ip . while Z^ and are first- 
order in (S). We have already provided above an expression for Z which is first order 
in {S) and solves the condition f l4.35p exactly. We then need to consider T and the 
remaining conditions ( I5.7a)5.7bp . 



5.1 First step: supersymmetry condition II 

So far we have a deformation of Z (15. ip that solves (l4.35p .We now ask if and how it is 
possible to deform the other pure spinor T such that it is compatible with Z (14. 6 p and 
satisfies the remaining conditions. In particular, in this section we focus our attention 
on (I5.7ap . As we now show, there is a simple way to identify such a deformation!^ 

In order to proceed, it is convenient to recast (15. ip as the result of the so called 
holomorphic P - deformation of Z^ = Q. It is described by a real bivector 

/3 = /3^'° + /3°'^ = ^/3-(.)|- aA + c.c. (5.9) 

whose (2, 0)-component /3^'°(z) is holomorphic. The action of /3 on a spinor can be written 
as e^''. In particular 

Z = e'^Zo = L^n + n , (5.10) 

where Lpfl := ^/3"^"flrnnp(iy^ = ^ijk^^z^ ■ By comparing (I5.10p and (15. ip . we see that 
13 is completely determined by 

L^n = e . (5.11) 

Notice that such with 9 satisfying (15. 2p automatically defines a holomorphic Poisson 
structure, P'^^diP^''^ = 0. 

Now, the very same /3-deformation can be applied to the pure spinor T° = Tp.th to 
produce a new pure spinor T, which will be automatically compatible with Z. For the 
time being, we work to first order in (S) i.e. in /3. A discussion of higher order effects of 



^■^Of course, there could be other deformations of into T, but they should correspond to the ordinary 
classical deformations of the original background not related to the non-perturbative effect. 
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the /3-deformation can be found in appendix [Bl At first order the /3-deformed T is given 
by 

T = T^ + LpT^. (5.12) 

Recall that the pair Z and T specify the complete information about the internal metric 
the B field, dilaton and the warp factor e^. By direct inspection of f l5.10p and f l5.12p . 
it turns out that the metric, the dilaton and the warp factor are unmodified. Only the 
S-field is deformed as follows 

B = fpf = y^/3(^ A J) = ^Re(^jO) (5.13) 

with 9j.VL = 6^Lm^- The direct derivation of this result is somewhat technical; some 
details of this calculation can be found in the appendix [Bl From fl5.13p one can easily 
find the following explicit expression for the if-field 

H = ^Re (09'^ A Lmn) + ^Re [(9„0)^'^^]] + ^Re [V'"^™^] . (5.14) 

Coming back to (I5.7ap . we need the following first order identity 

e^^ImT = e'^/2lmT°-^e%(JA JA J) + ... 

e't' i - 

= (J -J A J A J) + - Li3{Q AQ) + . . . 

3! 8 

= [J + -Q AQ) + -lm{e AQ) + . . . , (5.15) 
8 4 

It is now easy to see that (15. Tap is indeed satisfied because of dQ = and d9 = 0. 

It now remains to discuss (]5.7bp . In order to clarify its meaning, we have to understand 
how the gaugino condensate modifies the duality relation (14.120 . We focus on this problem 
in the next section. 

5.2 Second step: supersymmetry condition III and flux duality 

Now we use the condition (15.7bp to define F. Obviously this will guarantee that (]5.7bp 
is satisfied. From 

ReT = e"'^ - ^ Lp{J A J) - i J A J + . . . = e-^ - ^ e-^ Re {9M) - ^ J A J + . . . (5.16) 
and using fl5.13p . it is easy to see that, to first order in (3, fl5.7bp implies 

Fi = , (5.17a) 
F3 = -H , (5.17b) 

F5 = -yd0AJAJ. (5.17c) 
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Our next step would be to calculate F. We can not use f l4.12p because, as was mentioned 
earlier we expect the relation between F and F is modified by the local terms proportional 
to (S") 7^ 0. To find the correct relation one has to look at the full action in the bulk 
modified by the local terms on the D7-branes. It turns out that the original relations 
Fi = *F5 and F5 = e^'^*Fi are unmodified. Hence F5 = and the axion-dilaton remains 
unchanged, i.e. r is holomorphic and completely specified by f l4.25p . On the other hand, 
the relation between Fs and Fs to be modified by the coupling between the three-form 
fiuxes and the gaugino bilinear in the D-brane action. The precise form of this term is 
calculated in appendix |A] by an accurate dimensional reduction of the D-brane fermionic 
action [15] (see also [IHl HT] for previous studies) 

-^dT = ^ jj^^^ ■n)JAJ + c.c. + . . . (5.18) 

The relevant terms in the action are 

C j^^{-^e't'*FsAFs + Re [it{S)5^n^ fi] A F5 + A {dFs + ...)}. (5.19) 

Here the first and the last terms are the usual action in the bulk and the second term 
comes from fl5.18p . 

The last term in f l5.19p defines as the Lagrange multiplier in front of the BI for the 
RR three- form dFs -|- . . . = 0. In this action we consider Cg and Fs as the independent 
dynamical fields. Thus the equation of motion for C2 is the BI for Fs while the equation 
of motion for Fs provides the definition of Fs = dC*a - the relation we are looking for 

Fs = dC2 = -e^ * F5 + Re fi] . (5.20) 

While the first term —e'^*Fs is coming from (14. 12p the second localized term Re [£^{S)6^^^ fi] 
is the extra local contribution we advertised above. 

With help of (15. 3p this equation can be easily solved, yielding 

Fs = -e-'^ * H +hm[e-'^ (y"'9,^)n]= (5.21) 

Together with (15.14p this can be combined into the complex three-form 

Gs = Fs + ie-^H = ^e-^S^"^ A l^Q + ^e-'^(V„0) 6"^ Q + ^e-*(V"e„) Vl . (5.22) 

Notice that the first two terms are lASD and have the same structure as the lASD field 
found in [9], while the last term is ISD and completely localized on D. Of course this is 
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not a coincidence. The relation between our results and findings of [9] will be explained 
in section |6l 

The equations of motion for G3 follows from the supersymmetry conditions and there- 
fore we can be sure that they are satisfied (although we will check this in a moment). 
The biggest challenge is the BI 

dFs + i7 A + A ^ 4, = (5.23) 

a 

which does not follow from the supersymmetry conditions. Since the beta-deformation 
completely fixes G3 there are no degrees of freedom we can adjust to satisfy the Bianchi 
identity. Luckily the identity (I5.23P is satisfied by f l5.22p . Unfortunately this is not the 
case already at the second order in {3 as explained in appendix [Bl 

As a last step we would like to check explicitly that the equations of motion are 
satisfied. The equation of motion for F3 is nothing but the condition dF^ = 

d(e* * F3) = dRe {it{S)S° Q) . (5.24) 

The equation of motion for B fl4.16p does not follow from the supersymmetry conditions 
so easily. Of course we can obtain it just by varying the action with respect to B. Keep in 
mind that in addition to the conventional terms in the bulk the full action also includes 
the local term on the D7-branes 

-^E/ e^ReT,A5i. (5.25) 

This is nothing but the DBI action of the D7-branes. It depends on B and therefore 
gives a localized contribution to fl4.16p . Although e'^R.eT^ (where index 4 nieans we a 
picking the four-form) is the value of the DBI action on shell, in fact, varying e'^R.eT^ 
with respect to B using fl4.3p (which implies that 6T = 6B A T) would produce the same 
result as the conventional DBI action. We do not need to add the CS term because in our 
formalism the equations for F (14.151) and B f l4.16p do not have the terms proportional to 
the BI. As a result we have 

d{e-^ * H) - e''' * F3 A Fi - B Aj2^k + e"'^dlm(£^(5)5g^fi) = . (5.26) 

a 

This equation is different from fl4.16p only by the last term which comes from the coupling 
of the gaugino bilinear to the three-form flux fl5.18p . 

To make the connection with the conventional supergravity EOM we combine ( I5.24|5.2l 
and into 

^ [dA + 90 A (A + A)] = e-M{it{S) 5g) H) +2zBaJ2 > (5-27) 

a 

A = 2G_, G_ = (*G3 - iGa) . (5.28) 
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This equation would follow from the conventional supergravity action corrected by the 
local term (15.181) and the DBI+CS action of the D7-branes. In the last term of (I5.27P we 
also assumed that B as given by (15.131) is of (2, 0) + (0, 2) type and hence the contribution 
of the DEI and CS terms are equal to each other, since *4B + B = 2B. 

To check that (I5.27P is satisfied it is helpful to notice that the first term in the r.h.s. 
of (I5.27P is localized on the stack of the D7-branes where the gaugino condensate is 
taking place, while the second term is localized on all D7-branes present. Indeed the first 
term will be balanced by the singularity of 6, while the second term is balanced by the 
singularity of the dilaton. This can be checked straightforwardly using (15. 3 p and (I4.25p . 
Many useful details can also be found in [9]. 

Similarly, the BI (I5.23P can be rewritten as 

dG3 + d(j)A{G3-G3) + BAj2^k=^- (5-29) 

a 

Using the formal similarity between (I5.29P and (I5.27P and between Gg and A, to check 
(I5.29P one only has to show that the external derivative of the ISD part of G5 (the last 
term in (I5.22p ). taken assuming the dilaton is constant, is equal to |e~'^dIm(£^(S')(5^^f2). 
This identity immediately follows from (15. 3p . 

Eventually we notice that the the D7-branes remain supersymmetric in the new back- 
ground with no world- volume gauge field turned on, despite the presence of (2, 0) + (0, 2) 
B-field in the bulk. To see this, we use the supersymmetry conditions written in terms 
of the pure spinors Z, T [301 US]: 

[{ixZ)\DM=0 yXeTM, [Z\dJ3 = 0, [ImT|z)j4=0. (5.30) 

What happens if we add the 07-branes into the picture? The BI for the axion-dilaton 
(I4.25P will now take the form 

di^. = (E^l-4E^o.] , (5.31) 

and therefore the delta-function contributions coming from the singularity of dilaton in 
(I5.23f5.26f5.27f5.29p will change accordingly. Similarly the localized terms B A 6fy^ 
in the Bianchi identity (I5.23f5.29p will be modified into 



BA 



Hence the BI still will be satisfied by (I5.22p . At the same time the localized terms 
B A Yla ^Da equation of motion (I5.26f5.27p will remain the same. Naively this 
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means that in the presence of the 07-planes the three-form flux G3 (15.221) will not solve 
the equations of motion due to the unbalanced terms of the form 



(5.33) 



b 



In fact these terms will vanish because the 5-field must be odd on the 07-plane and 
hence the pullback of B on Ob is zero. The only tricky case here is when B is singular 
on Ob- This can happen if the 07-plane is accompanied by some D7-branes with the 
gaugino condensate on it. Then the resulting B, locally, is given by fl5.13p . Clearly such 
B is odd under the reflection in the direction orthogonal to D. To regularize f l5.33p we 
need to move the D7-branes away from the 07-plane by a small distance e and consider 
the two copies of the D7-brane stack located on both sides of the 07-plane. Now the 
relevant term from fl5.33p will look like (-B+ + -B_) A Sq where B± = B{±e) is the value 
of B on the two stacks of D7s. Clearly B± = —B^ in the directions along O and in the 
limit when e goes to zero ( I5.33P vanishes. Eventually we conclude that fl5.22p is universal 
and that it describes the linear deformation of the background when both the D7-branes 
and the 07-planes are present. 

5.3 The backreaction of condensing D7-branes: a summary 

This concludes our description of the supersymmetric background deformation induced 
by gaugino condensation on D7-branes, up to first order in (S*). In summary, the gaugino 
condensate has the effect of deforming the supersymmetry of the background in a way 
which corresponds to the generalized deformation of the classical complex structure. 
This is encoded in the non- vanishing 7^ in (15. ip . This implies that the associated 
generalized complex structure J : Tm ® Tli — )■ Tm ® T^j has the form 



where / = 1"^ is the ordinary complex structure of the undeformed space and (3 = 
p2,o _|_ ^0,2 jg specified by (15. lip . J is integrable everywhere, except for D, and it is a 
genuine generalized complex structure because of the non-vanishing off-diagonal term in 



Besides the deformation of the integrable structure, the presence of {S) gives rise to 
the G^-fiux (I5.22p . which contains a bulk lASD component and a localized ISD compo- 
nent. On the other hand, metric, dilaton and warping are unmodified to first order. 




(5.34) 



dEMl). 
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6 Condensing D7-branes and the D3-brane superpo- 
tential 



The generalized complex structure associated with the deformation of ^ in the 
presence of (S) ^ has a simple physical interpretation in the presence of D3-branes. It 
is well known that D3-branes affect the non-perturbative superpotential W^p generated by 
condensing D7-branes p3l [15] and therefore experience a force. Hence the D3-branes are 
not compatible with the supersymmetry of the background because of the non-vanishing 
F-terms. This can only happen when the manifold is not a classical CY but a generalized 
one. In our formalism the relation between the deformation of the complex structure 
Zi = dw and the force on the D3-branes is straightforward: w is the superpotential 
of the theory on a probe D3-brane [33]. This same conclusion can be reached based by 
analyzing the force on the probe D3-brane in the background with the lASD flux (15.221) 

Since D3-branes source a non-trivial warping, in order to properly address this ques- 
tion we modify the discussion of the section (E]) by introducing a non-trivial warping into 
the story. Although the full analysis is beyond the scope of this paper, the main points 
are as follows. 

First, we start with more general GKP backgrounds [7], which include a non-trivial 
warping e^^^ (index E stands for Euclidean frame), ISD G3 and F5 fluxes. In this case 
the string frame metric has the form 

= e<^/2 (e^^Mx^dx^ + e-^^Ms^,) . (6.1) 

This is different from (I4.20p by the non-trivial factors . The internal metric ds|^ 
and the axion-dilaton are the same as in the unwarped case of section 14.21 There is also 
a RR five- form flux F5 = *de~^"^^. The pure spinor Z for this vacua still takes the form 

If we now include the effect of the gaugino condensate on the D7-branes, repeating 
the argument that lead us to (I4.35p . we still get the deformation 

dZi = -2iit{S)Sl . (6.2) 

The solution Zi = 6 is the same with 6 given by (15. 5 p and (15. 6p . Hence the superpotential 
w for the D3-brane remains unmodified. In [9] this superpotential was found to be related 
to the lASD flux of the form (compare with (15.221) ) 

A = 2e^^^{*G3 -iGa) = e'^dO"^ A LmCl + e-^{Vm(l)) 0"" ^ ■ (6.3) 

Let us emphasize here that (16. 3p does not specify G3 completely, but only its lASD part. 
The same combination A is the only part of the 3-fiux constrained by the equation of 
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motion. A simple generalization of fl5.27p to the case with warping gives 



\ [dA + 90 A (A + A)] = e-^d(£t(5 + ^ 5^ ^ A 51 ■ (6-4) 

a 

This equation is solved by (16. 3p provided the local terms ^B^^^Da balanced by the 
appropriate behavior of the flux and the axion-dilaton at the locations of the D7-branes 
Da- This relation together with the BI should fix the ISD part of G^. Alternatively one 
can find it by solving the supersymmetry conditions fl5.7a|l5.7bp similarly to the case of 
trivial warping e'^^^ = 1 considered in this paper. To complete (16. Sp to the full solution 
is an interesting problem for the future. 

The explicit expression for w can be used to determine the dependence on the mobile 
D3-branes of the non-perturbative superpotential W^p generated by the condensing D7- 
branes. Given w, we can find VFnp by matching the force on the D3-branes as originating 
from w and W^^. Let us consider K mobile D3-branes located at i^, k = 1, . . . ,K m 
the internal manifold. These positions generically enter the D7-branes gauge coupling 
through the threshold corrections. We assume that the non-perturbative potential is 
governed by the gaugino condensate such that 

W^^{h,...rzK)=M{S) , (6.5) 

where A/" is some constant which depends on the details of the low-energy theory on the 
D7-branes and the condensate (S) depends on z^. For the SU(A^) theory JV = N. In 
general this coefficient depends on the beta-function of the low-energy field theory. 
We use (16. sp to find {S) and w as given by ( 15. 6p : 

w{z]Zi,...,Zk) = ^Wnp{zi, ■ ■ ■ , Zk) log /l(z) + Wq . (6.6) 

Here Wq is some z-independent constant, which can depend on the locations of the mobile 
D3-branes z^. 

We now impose the agreement for the force applied on the k-th D3-brane as calculated 
using w and VFnp 

dWnpjzi, ...,zk) _ dw{z;zi,...,ZK) 

dzl dz'- 

These equations can be seen as a system of differential equations determining W^p- This 
can be easily integrated 

K 

W^pih, ...,zk)=AI[ h'/^{zk) , (6.8) 

k=l 



(6.7) 
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and A is some z^- independent integration constant. A can dependent on other chiral 
fields, e.g. the compactification moduh. In appendix [C] we revisit the derivation of W^p 
based on the logic of p3| [15] and generalize it to the case of arbitrary Kahler metric 
and holomorphic axion-dilaton. This result is in complete agreement with the expression 

(ES]). 

The calculation above is based on the logic presented in [H |9]. Compared with |8], 
here we clarify the distinction between w and PVnp- We also extended the results of 
[9] to backgrounds with holomorphic axion-dilaton. More importantly, in |9] the relation 
between dw and dW^p was established only up to an overall coefficient. Here we confirmed 
this coefficient to be one, as in (16. 7p . In particular this implies that the coupling between 
the three-form flux to the gaugino bilinear on the world- volume of the D7-branes (lA.lip 
is exact, i.e. will not get loop corrections. 

Clearly a similar argument should cover the non-abelian case, when the D3-branes 
coincide, or other possible localized sources of the D3-brane charge like those originating 
from the D7 world- volume fluxes. The latter can play a crucial role in the mechanism 
for generating Yukawa couplings on D7-branes through the non-perturbative effects [6]. 

7 Discussion 

In this paper we discussed how gaugino condensation on D-branes can be incorporated 
into a ten-dimensional picture. We considered in detail the cases of gaugino condensation 
on D5, D6 and D7-branes, wrapping some supersymmetric cycles in the internal six 
dimensional manifold. Our analysis was local, in that we took the internal manifold to 
be non-compact. This corresponds to the Mp — )■ oo limit from the four- dimensional 
point of view. 

The discussion of D5-branes is focused on the description of the dynamical effect of 
the gaugino condensate {S) on the bulk complex structure. It was shown that (S) ^ 
acts as a 'source' for the complex structure, which is then dynamically deformed away 
from its tree-level value. In the mirror symmetric setting of D6-branes, the condensate 
(S) 7^ acts as a 'source' for the symplectic structure. These results, based on local 
ten-dimensional arguments, have been compared with well-known results on geometric 
transition in the context of the gauge/gravity correspondence [31 [ini [HI US [13] . 

The case of D7-branes displays some distinguished features. The ordinary complex 
structure of the tree-level background is deformed into a generalized complex structure. 
Moreover, it allows for a relatively simple perturbative analysis of this effect, with all 
ten-dimensional supersymmetry conditions under control, at least to flrst order. In par- 
ticular, we have discussed how the supersymmetry conditions are modifled by localized 
terms on the D7-branes. Furthermore, we have shown that the deformed supersymmetry 
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conditions are perfectly consistent with the equations of motion and Bianchi identity. 
Our analysis bridges the gap between the approach of [8], which was based on super- 
symmetry, and the approach of [9], which was based on the supergravity equations of 
motion. In particular we confirm the prediction of [9] that the gaugino condensate sources 
lASD Gs flux in the bulk, working in the more general framework with a holomorphic 
axion-dilaton. 

There are a number of interesting open questions. For instance one should investigate 
possible SUSY breaking associated with the compactification effects. We touched this 
topic in section 12.41 where we argued that the SUSY breaking could have a topological 
origin. This issue may be related to the problem of extending the local solution to a global 
one. In the case of gaugino condensate on D7-branes, there is an additional complication. 
The first order solution described in section |5] is valid only in the neighborhood of a local 
patch of the divisor wrapped by the D7-branes supporting the gaugino condensate. Even 
in a purely local approach with non-compact internal space, extending our result to 
a complete solution may present complications similar to the topological obstructions 
affecting settings with D7-branes at the classical level ^\\ W2\ . The two problems appear 
similar and their solution could require a more detailed understanding of the D-brane 
setting and of the associated low-energy effective theory which could include other light 
modes besides the pure SYM sector. This understanding seems necessary to have a 
picture of the large geometric transition in the D7-brane setting. 

Another important direction is to find the local description of the geometry around 
the D7-branes beyond the linear order in the gaugino condensate. Encouraged by the 
simple form of the linear deformation, we investigated in appendix |B] if a straightforward 
generalization of the same ansatz can solve the equations to higher orders in [S). Al- 
though all the supersymmetry conditions can be solved, the RR Bianchi identities are 
solved only up to a term quadratic in {S). Formally this can be interpreted as a delocal- 
ization of the D7-branes. To support this interpretation or to find the solution that solves 
the unmodified Bianchi identities would be a significant step forward. In a recent paper 
|48j . the same problem was addressed in the particular setting of four D7-branes and one 
07-plane wrapping the CP^ in the CY complex cone over CP^. The non-perturbative 
in {S) solution found therein develops a singularity at finite radius, before reaching the 
putative location of the divisor with the condensing branes. It would be interesting to 
understand the relation between the results presented there and here. 

We leave a better understanding of these and other important issues to the future. 
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A D7-brane fermions and 3- form flux 



The aim of this appendix is to compute the relevant terms describing the couphng of the 
D7-brane fermionic bihnear to the background three-form flux. 

The fermionic sector of the K-symmetric D-brane action, at the quadratic level in 
fermions, was computed in [45j. In the case of D7-branes wrapping a divisor Sg C Xio, 
with the gauge-invariant worldvolume flux T = -B|s8 + 27rQ;'F, it is 



= dVe-Vdet((7io|D + ^)^[i - r(^)] (^M^^r^D^ - e 



(A.l) 



where a, /3, . . . are world-volume indices on Eg. Va and O are the pullback of operators 
acting on bulk fermions, whose explicit form can be found in Appendix A of [17]. The 
doublet 

is the GS-spinor on the D7-brane, while Jli°''^ denotes the inverse of fl'ioiss + (^sJ^- 

Eventually r(J-') is the K-symmetry operator, which for the D7-brane takes the form: 

V (-)-+^(ia2)(^3)-6"^-"--^^-"-V ^ ^ .... 

^^~,h. g!(2r)!2V-ciet(^ + ^) -^-^ " " " -^--^ /^^■■■/^- " ^^"^^ 

In what follows we start by assuming the background to be a general supersymmet- 
ric IIB background of the form discussed in section 14.11 The D7-branes fill the four- 
dimensional space X4 and wrap the four-cycle D C M. In order to analyze the fermion 
bilinear, we employ the following K-fixing gauge 

^r(j^) = -e . (A.4) 

Then, the fermionic action takes the form 

^dT- = ^ / d'^^/ dVe^^-Vdet(^|E + J')e{V^V, + M^^VJ^p - ]-0)e 
JXi Jd ^ 

(A.5) 

To extract the dependence on the four-dimensional fermions we need to known the 
Kaluza-Klein reduction form of ^. It is built with the help of the supersymmetry gener- 
ators e = (61,62) (here C is a constant four- dimensional chiral spinor) 

ei = C ® ^1 + c.c. , e2 = C ® ^72 + c.c. (A. 6) 

, specified by the chiral six- dimensional spinors rji and ri2 as follows. Supersymmetry 
requires the D-brane to satisfy the k- symmetry condition er(J-') = e. Using this and the 
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K- fixing f lA.4p . we are led to identify tlie four- dimensional gaugino Ad (the Dirac spinor) 



with the four- dimensional part of 9 

9i = e-^^Ao ® r/i + c.c. ^2 = -7^ e^^^Ao ® + c.c. (A.7) 

Air An 

As a check, one can apply the supersymmetry transformations on the D7-brane which 
was found in [45] to get the standard four- dimensional supersymmetry transformations 
relating the four-dimensional gauge field to Xo- In order to fix normalization in flA.7p we 
calculate the kinetic term which reads 

^ReaXGY^^,XT) . (A.8) 
Ztc 

Here 7^^ are the four-dimensional Dirac matrices associated with the fiat metric dx'^dx^ 
and a = a(T) is the holomorphic gauge coupling (14.321) . 

The gaugino Ad is chiral in four dimensions (here we choose a particular representation 
of the gamma matrix algebra such that 7^ is diagonal) 

Ad = ( ) . (A.9) 

To facilitate the comparison with the literature we rewrite the result for the kinetic term 
in the Weyl representation 

_ J_ReaAa^9„A . (A. 10) 

2tt 

It has the canonical normalization, as in ( I2.12p . 

We now compute the coupling of S" = to the three-form flux G3. Since 99 ~ {S), 
in (1A.5|) we can keep classical configurations for the background metric, dilaton and the 



D7-brane embedding. We also set J-" = for simplicity. After some algebra we arrive at 
the following term 

•^D7 3 ttAi / d^xfxlCXj, [ Gs-njAJ + c.c.) 

<^27r£* Jx^ ^ Jd ^ 

^ [ d^xA^A" / Gs-njAJ + c.c. (A.ll) 

Jx4 Jd 



327r£f 

where A^A" = e^^ A^A". 

B An all-order deformation with smeared D7-branes 

We now comment on the possibility of extending the first-order supersymmetric solution 
found in section [5] to higher orders. The most natural strategy, which we want to explore. 
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is to simply 'exponentiate' the first order /9- deformation introduced tfierein. Tfie problem 
with this strategy is that the linear solution in section |5] heavily relied on peculiarities 
of the classical backgrounds of section 14.21 Hence the correct second order deformation 
may be more complicated than the naive exponentiention of the linear one. 

Nevertheless it makes sense to investigate what happens if we apply the beta defor- 
mation beyond the linear order. The resulting finite /3-deformation on Tm © spinors 
(i.e. polyforms, like Z and T) is the operator 



e 







1 1 



with the new spinors Z,T of the form 

Z = e^ -Z^ T = e^-T\ (B.2) 

Here we labeled the undeformed pure spinors, provided by (14.211) . with 0. The transfor- 
mation (1B.2P has a natural advantage of keeping Z and T pure and compatible at all 
orders in /3. 

Since /3 has only (2, 0) and (0, 2) components, the action on Z^ = Q stops at first 
order. Therefore the deformed Z coincides with (IS.lOp even for finite /3 and, by choosing 
9 = (3^Q as in (I5.2p - (I5.6I) . equation (I4.35P is also satisfied for finite (3. 

Let us now turn to the condition (I5.7ap . The warping can be extracted from Z 
and T by the following formula 

6^ ^ {Z^ 

(T, T) ^ ' 

Because e^- preserves the Mukai pairing the warping is not changed and we have 

Hence, e^'^ImT takes the form 

e^^ImT = e'^o/^ImT" - ^e*«(t;3 + -6/36^)(J A J A J) 

3 • 2 

o Z 

= e'^o/2ImT° + ^Im(^A^]) + ^0A^. (B.5) 

By taking the exterior derivative we then find 

d(e2^ImT) = \£t6f,A [{S) 6 + {S) 6] . (B.6) 

In order to preserve supersymmetry, we must impose d(e^^ImT) = 0. In fact, by using 
the local solution (I5.5p -( 15T6|1 . the singular three-form in the right-hand-side of (1B.6P is 
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zero. To understand this we can multiply it by some probe three form x ^-nd integrate 
over M. The result will be an integral of the form <S'> J^(^ ^ X ~^ c.c. Now, the 
one-form 6 is proportional to dh/h, where h = on D. Therefore the pull-back of 6 on 
D vanishes and fl5.7ap is satisfied for finite /3 too! 

We have seen that, already at first order in /3, the tree- level supersymmetry conditions 
are modified by the localized terms on D. In section [5l we have explicitly shown how to 
keep them under control to first order. However, understanding local terms comes after 
one understands how to satisfy the equations of motion in the bulk. In the rest of this 
section we simply neglect all terms localized on D. In this approximation the tree- level 
supersymmetry conditions are expected to hold unmodified. 

Now, we are left with the supersymmetry condition (]5.7bp that, neglecting localized 



terms induced by the gaugino condensate, is equivalent to the tree- level condition f l4.10cp . 
As in section [5l we can consider this condition as the definition of the supersymmetric 
RR fluxes, which in the case at hand are given by 

F = -ia [e"^ A e-'^M(e"^°ReT)] . (B.7) 

Remember that (1B.7P implies that the equations of motion for F away from D are au- 
tomatically satisfied. However, the Bianchi identity fl4.13p which we prefer to rewrite 
as 

dF*" = d(e^ AF) = -j (B.8) 

needs to be separately verified. 

In order to proceed ( 1B.7p . we would need the explicit form of the internal metric g 



(which enters $) and of the 5-field, which are encoded in Z and T. We will not need 
the new value of the dilaton. The beta-deformation is in fact a particular case of a more 
generic 0(6,6) transformation of the spinors Z,T. The general formula for the new g 
and B, valid for any 0(6, 6) transformation is as follows. The 0(6, 6) transformation can 
be represented by a matrix 

0=(:') (B,9) 



acting on the generalized tangent bundle Tm © T^4- The matrices a, b, c and d satisfy the 
0(6,6) restrictions 

a^b + b^a = 0, c^d + d'^c = Jd + b^c=l. (B.IO) 

By defining E = g + B, the 0(6, 6) action on E is given by 

E^ E = {b + dE^){a + cE^)-^ . (B.ll) 
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Notice that this action f IB.lip is formally identical to the T-duality transformation. More- 
over the transformation of the dilaton preserves this formal analogy. In fact if O is 
constant and has indexes only along the U{1) invariant directions this transformation 
reduces to a continuous T-duality. However, it should be clear that our case is different 
from the T-duality simply because the elements of O are generically not constant and 
there are no U{1) isometries. 

Now, the /3- deformation introduced above can be seen as a 0(6,6) transformation of 
the form 

i.e. with a = 1,6 = 0,c = —(3,d = 1. See e.g. |49j for an application of this formalism 
to the study of the deformed SCFT's in AdS/CFT, along the lines of [5D], when the 
constant (3 defines a continuous T-duality. 

By applying (IB. lip in the case of a /9- deformation, we obtain 

E = E^ ■{!- ^ E° + + . . . (B.13) 

Up to quadratic order in (3 the B-field is given by fl5.13l) while 



00 



9ij = e 2 



1 



To calculate ( \B.7\i we use somewhat sophisticated generahzed geometry techniques. 
The condition f l4.35p implies that Z defines an integrable generalized complex structure 
J' on M \ D. In general, it is possible to show that this is equivalent to the existence 
of a split of the exterior derivatives acting on polyforms into the sum of two generalized 
Dolbeault operators d = + 5^ [18j. In the case of interest when JT"^ is associated 
with the holomorphic /3-deformation of an ordinary complex structure, the generalized 
Dolbeault 9^ = d'^'^ operator is 

= d- [(9, Lp2,o] + [B, (B.15) 

where d is the ordinary Dolbeault operator associated with the original complex structure. 

By using flRlSj) . it is possible to rewrite the twisted field F*^ as F** = + F*^ 
with (see [51] for details) 

F^ = id^ReT = idie"^ - A J) - ^9[i^o,2(J A J)] - l^d[Lpo,2Lp2fi{J ^ J)] (B.16) 

and F*™ = {Ff)*. We can now compute dF*" by using the identity dF*" = S'^F*™ + 
QPp^ _ After some work we get 

dF*" = -J + \ dd^e-^g^^dmen) (B.17) 
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where d'^ = i{d — d) and we have omitted the terms locahzed on D. This is an exact 
result vahd to all orders in /3. The last term on the r.h.s. of f lB.17|) should be vanish- 



ing in an ordinary supergravity background, a condition which does not appear to be 
satisfied. Hence, we see that a finite /9-deformation fails to produce a ordinary super- 
gravity background already at the second order. Yet the expression (IB. 171) contains some 
nontrivial cancelations. In general one can expect dF*^ to have the six- and four-form 
contribution, yet they vanish. The only contribution that remains is the two-form like 
the original j. This suggests that we can formally promote the localized source f l4.24p to 
a partly smeared D7-brane current 

J = J- ^dd^(e-V™On) . (B.18) 

This would solve the BI, at least ignoring terms localized on the condensing brane. The 
possible physical interpretation of this observation is not clear to us. We postpone the 
issues related to higher orders in /3 for future investigations. 



C Non-perturbative effects and D3-brane superpo- 
tential 

It is well known that D3-branes filling the space-time X4 of a classical GKP background 
[7] have fiat classical potential and can move freely in the internal space. In the presence 
of Euclidean D3-branes (E3-branes, for short) or D7-branes this can be changed by non- 
perturbative effects. A non-trivial superpotential Wnp for the D3-branes is generated and 
the D3-branes experience force. The structure of the D3-brane location dependence of 
PFnp generated on one E3 in the context of the F-theory compactifications without fiux 
was first proposed in [H] by use of a monodromy argument. Later this result was extended 
in [IS] for gaugino condensation on D7-branes for some specific examples of warped conic 
backgrounds with trivial dilaton through an elaborate straightforward calculation. The 
logic used there was somewhat opposite to the one followed in section El While in section 
[6] we studied the force on D3-branes in the background including the backreaction by 
the D7-branes, in [15] the D3-branes were treated as the source affecting the physics on 
the D7-branes. In this appendix we would like to revisit the derivation of W^p using the 
same point of view as in [15]. We provide an elegant derivation of (16. 8 p valid for any 
GKP background and for any divisor with a general (1, 1) primitive world-volume flux. 
Our derivation will also make a connection with the approach of [14J. 

In what follows we do not assume the supersymmetry conditions fl4.10p to be satisfled. 
Hence the resulting W^p will be equally valid in the presence of a mildly SUSY-breaking 
^0,3 j^Qj-T^ that generates a non-vanishing expectation value of the GVW superpotential. 
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The latter is a crucial ingredient of the scenarios proposed in [11 [52] and like. Furthermore, 
notice that the technical steps presented below can be straightforwardly applied to the 
intrinsic F-theory settings, by using the dual M-theory picture with the non-perturbative 
superpotential generated by the M5-branes [53] in flux backgrounds of the kind described 
in [M]. 



C.l Supergravity derivation 

Let us consider a stack of D7-branes wrapping a divisor D that undergo gaugino con- 
densation. The non-perturbative superpotential generated by the gaugino condensation 
is given by 

VFnp = = /ij^ exp {-2'Ka/M) (C.l) 

where a is the field theory coupling constant (12. lip defined at the UV scale /iq and Af 
is some field theory dependent coefficient. In the case of pure SU{N) SYM JV = N. 
Furthermore, to describe the W^p generated by the E3-instanton it is enough to take 
A/'= 1. 

The gauge coupling a (14.321) can be obtained by expanding the DBI+CS action for 
the D7-branes: 



a = --L f L-^A^J AJ -e-^J^ at) - ^ [ CAe^ . (C.2) 



2£! 



Here, we have used the form of T = e^'^ exp(i e"^^'^^'^/^ J + B) for the GKP background 
with warping and J-" = B\]j + 27rQ;'F is (1,1). 

Consider now the case of a mobile D3-brane located at y = y. Following the original 
idea of [53], we aim to obtain (16.81) by extracting the dependence of a on the D3-brane 
coordinate y. In other words, we need to compute how a changes under a small displace- 
ment of the mobile D3-brane. Then, using (]C.1|) we will find how W^p depends on y. The 
D3-brane is mutually supersymmetric with the background before the non-perturbative 
effects on the D7-branes are taken into account. The backreacted background remains 
of the GKP type. In fact the only part of the geometry affected by the D3-branes is the 
warp factor Ae which is determined by the following equation 



2 



Here IG^P = ^fG^npG^^P and 



Q'us = ie-'Mh = it{ E E + l 5: ^iA^.A^..(C.4) 



pGDS's ggOS's aeD7's 
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is the D3-brane locahzed chare; Neither metric nor axion-dilaton or three-form fluxes 
get affected when the D3 is moved. Hence, from (1C.2P we get 



'JAJ. (C.5) 



In this section we denote the derivative with respect to the mobile D3-brane position 
with ^, in order to better distinguish it from the derivatives with respect to the ordinary 
internal space coordinates. We can now rewrite the r.h.s. of (IC.Sp as an integral over the 
complete internal space M 



At the next step we vary the equation flC.3p with respect to y 

V^^^t^J-^, (C.7) 

where 

5f = . (C.8) 



So far our calculation was not different from [15]. The approach of [15] was to solve the 
equation (IC.7P explicitly expressing 6e~'^^'^ through the Green's function on M. Then 
the corresponding result was substituted into flC.5P and integrated over D. Although 



conceptually simple, these steps require the metric on M to be sufficiently simple to 
admit an explicit expression for the Green's function. In fact there is a more elegant 
way to proceed which is equally good for any Kahler metric on M. The idea is to use 
the Poicare-Lelong equation mentioned in section [5] to express the delta-function 
localized on D through the holomorphic section h{z) of the line bundle that defines D 
through h = 

5^^^ = ^VHog\h\\ (C.9) 

Naively this equation depends on the metric, but in fact this dependence is a phan- 
tom. This relation follows from ddlogh = 2Tii5f) which is metric independent. After 
substituting (1C.9P into (lC.6p . integrating by parts and using (lC.7p . we obtain 

5l0g|iynpP_ 15 f JAJAJ |,|2e(0)_ l.o , |,|2 



5^"^ X 5y' 



/^^^^^log|/^p5f = l^{d^\0g\h\')\y^y . (C.IO) 



^^We work on the orientifold covering space. Furthermore, for simphcity, we omit the curvature 
contributions to the D3-brane charge induced on D7-branes and 07-planes. 
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This, together with the assumption that the superpotential Wnp is holomorphic, is 
enough to prove that W^p = Ah^^-'^{z) which matches (16. 8p . The extension to the case of 
more than one D3-brane is straightforward. The resulting relation for the k-th D3-brane 

6\og\Wnp\'^ 1 in 
6^ = ;^(^™log|^l )\y=y, > (C.ll) 

coincides with (IC.IOI) . Clearly the superpotential is given by (16. 8p . 
C.2 Imaginary part and holomorphicity of Wnp 

So far we merely assumed holomorphicity of W^p based on its four dimensional inter- 
pretation. In fact this too can be proved if one considers the imaginary part of log W^p 
similarly to the calculation of the real part above. Indeed, we will presently show that 
the variation of the superpotential with respect to the antiholomorphic coordinate 
vanishes 

^ = 0. (C.12) 

This would be sufficient to conclude that (16. 8p is the only solution of fIC.lip . obtaining the 
desired result. In what follows we consider only one D3-brane, although the generalization 
to many D3-branes is straightforward. 

Let us start with the purely imaginary part of the non-perturbative superpotential as 
given by (lUlD and 

J^Ic^+C^AT+ICoTAT) . (C.13) 

The treatment of Im log W^p requires some care, since the RR potentials are not globally 
defined. In particular, the D3-brane acts a monopole-like source in the BI 

dF5+HAF3 = Q'^', , (C.14) 

and this is exactly the reason why and hence (1C.13P depend on the D3-brane position. 
This is directly related to the approach of [H] which was based on the observations that 
Im log Wiip should acquire a non-trivial shift by 2tt when the D3-brane encircles around 
the D7-branes. 

Our starting point is the BI (IC.14P 



Im log Wj 



np 



^ = -^^d(..5|) . (C.15) 

We identify dC^ with the closed part of F5. Then the variation of dC^ with respect to a 
small displacement of the D3-brane is 



6y' 



+ (C.16) 
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In particular we can take 5C^ to be of the (2, 2) type. This is because the possible 
(3, 1) and (1, 3) contribution can be get rid of with help of the appropriate gauge trans- 
formation. Indeed the possible 5C^'^ would obviously be (9-closed and it would then 
contribute to (1C.16I1 through the 9-exact and 9-closed piece d5C^'^ = d6C^'^. With 
help of the 99-lemma of the Kahler spaces, see for instance [56], that states that a d- 
exact and 9-closed form is dd-exact, we find that dSC^'^ actually must be dd-exact. 
And therefore 6C^'^ = dA^'"^. Hence, it can be reabsorbed by a gauge transformation 
6C4 ^ 6C4 -d(Ai'2 + c.c.). 

Now we use flC.16p to calculate the the anti-holomorphic variation 

8§-%r^n.4- (c.iTb) 

On the other hand, we have to preserve the bulk condition F5 = ^de"^^'^, which translates 
into the following expression for the RR five-form 

= 1 ae-^^E A J A J . (C.18) 

Now, by combining (IC.17aP and flC.lSP we obtain that 

where uj^ is some (2,2) form. Clearly uj^ must be 9-closed as follows from flC.17ap . 
Moreover it must be (9-exact. To see that we notice that freedom in the choice of is 
almost completely removed by imposing the compatibility with (IC.17bp 

Now, this is the (3, 2) form and it is obviously (9-closed. That means du is also (9-exact, 
simply because the (3, 2) cohomology group is trivial for the GKP backgrounds. On the 
other hand, from ( 10.181) it follows that dFs = 2dF^''^ and then (10. 201) is also 9-closed. 
Then we again use the 99-lemma of the Kahler spaces to conclude that du/^ is in fact 
dd-exact. Hence, is the 9-exact form that solves (IO.20p plus some d closed (2, 2) 
piece. This closed (2, 2) piece is not fixed by the BI and the equations of motion and is 
related to the gauge freedom in the definition of C^. Olearly we require this part to be 
independent of the position of the D3-brane y. 

Now it is time to use ( 10.19|) to calculate the variation of log VTnp- Since the y depen- 
dent part of is 9-exact it does not give any contribution. Oombining together (10.130 
and ( 10.51) we get 

A Incr W.. 

, (0.21) 



du;,=2^ + i%6l . (O.20) 



5 log Wnp 
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which is equivalent to the holomorphy condition ( ]C.12|) . This concludes our derivation 
of the non-perturbative superpotential (16. 8p . 
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